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Abstract 

In the paper, the multi-attribute objects with repeating qualitative values of 
attributes are considered. Each object is represented by a collection of mul
tisets drawn from sets of values of the attributes. Formalism of the t heory of 
multisets allows taking into account simultaneously all the combinations of 
attribute values and various versions of the objects. The effective procedure 
for comparing such objects as well as groups of such objects is developed. 
The proposed concept of the perturbation of one object by another is consid
ered as the difference of the multisets representing the objects. The measure 
of perturbation describes remoteness between the considered objects, and, in 
general, is asymmetrical. Next, we consider the measure of the perturbation 
of one group of objects by another group of objects. Then, we generate the 
description of each group in the form of the classification rules. A practical il
lustration of the proposed approach is carried out for the task of classification 
of text documents. 

K eywords: Multi-attribute qualitative objects , Multisets , Measure of 
perturbation , Asymmetry of objects' proximity 

1. Introduction 

In data mining tasks there is a genuine problem of using a suitable mea
sure of proximity between objects. Here, we consider a pair of objects A and 
B indicating a distance measure and the similarity between these two ob
jects. Generally, a distance represents a quantitative degree and shows how 
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far apart two objects are. Meanwhile, similarity describes a degree which 
indicates how close the objects are. It is important to notice that similari
ties focus on matching of relations between non identical objects while the 
differences focus on mismatching of objects. Usually, there is an additional 
assumption about symmetry of objects' proximity. 

There are many types of data proximity which are non-symmetric, e.g. in 
psychological literature, especially related to modeling of human similarity 
judgments. It happens that considering two objects one can notice that the 
object A is more associated with the object B than vice versa. Asymme
try may have various meaning. Possible examples are like telephone calls 
between cities, e.g. the number of telephone calls from the city A to the 
city B can be different from the number of telephone calls from the city B 
to the city A. The objects can be viewed either as similar or as different , 
depending on the context and frame of reference [12]. Sometimes researchers 
perform some preprocessing of data to get symmetry. According to Beals 
at. al. [2], 11 if asymmetries arise they must be removed by averaging or by an 
appropriate theoretical analysis that extracts a symmetric dissimilarity in
dex11. On the other hand, asymmetry may carry out important information, 
e.g. [41, 42, 43, 44]. Thus, it seems that the assumption of symmetry should 
not be established in advance, because often asymmetry of data should not 
be neglected. 

We can distinguish qualitative properties describing objects in subjective 
terms as well as quantitative properties describing objects in objective terms. 
The task of comparing of objects requires choosing proper methods of data 
representation. In general, quantitative data represent numerical information 
about objects, such information may be measured , i.e., length, time, cost, 
etc. While, qualitative data represent descriptive information about objects. 
Quality information is subjective and cannot be definitively measured. Thus, 
qualitative data can be observed but not measured, for example beauty, 
smell, taste, etc. In general, the qualitative data are described by sets of 
attributes and the attributes are measured by nominal or ordinal scales. 
Determination of similarities between qualitative objects by using common 
distance measures cannot be directly applicable for qualitative data. The 
problem of defining of proximity measures seems to be less trivial for nominal 
than for real-valued attributes. 

In the present paper, we consider a finite , non-empty set of objects, each 
object is described by a set of attributes, and each attribute is described by 
nominal values. Additionally it is assumed, that the values of the attributes 
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can be repeated in the object's description. For example, the multi-attribute 
object can be presented in several copies or versions. Such problems are 
faced when, e.g. some object is evaluated by several independent experts 
upon the multiple criteria, or the attributes of the object were measured in 
different conditions, or by different methods. The multiple-valued attributes 
can be processed using transformations like averaging or weighting, or so on. 
However, in such a case, a collection of objects can have different structure. 
Therefore, formalism of the multisets theory allows taking into account all 
possible combinations of attributes' values simultaneously and various ver
sions of the objects can be compared. It seems to be obvious that the mul
tisets theory gives a very convenient mathematical methodology to describe 
and analyze collections of multi-attribute qualitative data with repeated val
ues of objects' attributes. More details of above considerations can be found 
in the papers [30, 31, 32, 33, 34]. 

In the classical set theory, a set is a collection of distinct values. If 
repeating of any value is allowed, then such a set is called a multiset ( or a 
bag). Thus, the multiset can be understood as a set of pairs, with additional 
information about the multiplicity of occurring elements. For instance, an 
exemplary description of the multiset {(1 ,a) , (3 ,b) , (2,c)} is understood that 
the set of three pairs is considered wherein there is one occurrence of the 
element a, three occurrences of the element b, and two occurrences of the 
element c. 

One of the first person, who actually used concept of multisets was 
Richard Dedekind in 1888, in the paper "Was sind und was sollen die Zahlen?" . 
The term "multiset" was first coined by N. G. de Bruijn in a private discus
sion with D. E. Knuth during the 1960s (see the monograph by Knuth [15], 
p. 694). His suggestion is now the standard terminology. The general theory 
of multisets can be found in the works of Blizard [3, 4]. More on relations 
and functions can be found in the paper [10]. The theory of the multiset, 
as a natural extension of the set theory, was introduced by Cerf at al. [6], 
Peterson [29], and Yager [45]. Surveys of multisets theory can be found in 
several papers wherein appropriate operations and their properties are inves
tigated, e.g. [9, 11, 23, 24, 25 , 30, 31, 32, 35, 36, 38]. The applications of the 
multiset theory can be divided into two main groups: in mathematics ( es
pecially, combinatorial and computational aspects) and in computer science. 
The paper [35] contains a comprehensive survey of various applications of 
the multisets. 

Our present work is motivated by the need to develop effective procedures 

3 



for comparing objects with repeating qualitative values of the attributes. Ad
ditionally, following Tversky's suggestions about possible asymmetric nature 
of similarities between objects we want just to verify symmetry of objects 
proximity. The term 11 perturbation of one set by another set 11 , introduced by 
the authors, is used in the general sense and corresponds to Tversky's con
siderations about objects similarities [41, 42]. The considerations are based 
on the theory of the multisets and their basic operations. 

First, we define a novel concept of perturbation of one multiset by another 
multiset which constitutes a new multiset. Then, it is shown that the pertur
bation of one multiset by another multiset is described by a difference between 
these two multisets, and therefore the direction of the perturbation of multi
sets has significant meaning. Due to normalization of the cardinality of this 
difference, the developed measure of the perturbation ranges between O and 
1, wherein O indicates the lowest value of perturbation, while 1 indicates the 
highest value of perturbation. We propose two types of the measure of mul
tisets' perturbation. The first is called the measure of perturbation type l, 
where the perturbation is normalized by the arithmetic addition of these two 
multisets [23 , 24]. The second is called the measure of perturbation type 2, 
where the perturbation is normalized by the union of these two multisets 
[25] . Then, we developed a description of a group of objects as a collection 
of multisets, and next the concept of perturbation of one group of objects by 
another group of objects is defined. The perturbation represents the differ
ence of the description of one group compared to the description of another 
group. 

The multisets approach to a comparison of multi-attribute objects is ap
plicable in several areas, like the data mining techniques, the cluster analysis, 
the pattern recognition, the decision making. It must be emphasized that 
there are several approaches to describe distances or similarities between mul
tisets and they are defined in different ways. The huge number of reported 
definitions of metrics is caused by a need to compare objects considered in 
many various applications. Thus, exemplary, the Manhattan distance is a 
simplified version of the Penrose metric, as well as the Minkowski metric [7] ; 
and the edit distance between words appears as the evolutionary distance 
in biology, while similar the Levenshtein distance in Coding Theory, and so 
on [7]. Developing the most adequate distance metrics in order to evaluate 
proximity between objects, sufficient properly, seems to be very important 
as well as a challenging task. 

In general, we can distinguish two main groups of the distance metrics. 
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Within the first group, each object is considered as a point in the prescribed 
metric space. The magnificent review dedicated distances can be found, 
e.g. in the papers [7], [1], [8]. In the second group, a cardinality ( or a 
counting measure) of multisets is considered. For instance, there is the bag 
distance understood as a multiset metric based on the arithmetic subtraction 
of two multisets (having regard to the order of subtraction) [7]. Several 
new types of metric spaces of multisets proposed Petrovsky, e.g. in the 
papers [30], [31], [32]. The developed metrics are based on the union and the 
symmetric difference operations on multisets. These metrics are extension 
of the symmetric d-i_f .f erence metric and Steinhaus distance, known earlier. 
Other metrics can be found in the paper by Kostera and Laros [19] . In the 
paper by Hodgetts and Hahn [13] one can find an interesting proposition 
of the asymmetrical transformational account of similarity of geometric 
patterns. 

Therefore, the concept of the perturbation of one object by another and 
related measures of such perturbation seems to be a new and attractive 
proposition to evaluate asymmetry of proximities between objects. In our 
opinion the concept of perturbation can find a wide applications to solve 
problems based on comparison of objects, when direction of comparing sets 
have significant meaning. For example, the methodology allows generating 
classifications rules distinguishing the considered groups (e.g., the text doc
uments as shown in Section 4). 

It seems to be important to emphasize, that this paper is the next one 
within the series of the papers, written by the present authors, which are 
dedicated to the perturbation of one set by another, wherein there were con
sidered different kinds of "sets 11 • Up till now, we have already developed the 
perturbations of the ordinary sets [20], [22], the multisets [23, 24, 25], and the 
fuzzy sets [16]. It seems, that it would be interesting to apply the concept of 
the soft cardinality [14] in our approach. The proposed methodology can 
find application in various data mining tasks, e.g. in clustering problem [21 ]. 

The paper is organized as follows: Section 2 presents the description of 
the perturbation methodology for multisets and the mathematical properties 
of the measure of perturbation type 1 and type 2. In Section 3 we present 
the measures of interactions between objects, as well as the groups of such 
objects, described by multisets. Section 4 presents the way of application of 
the measures of perturbations for a classification problem. 
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2. Matching of multisets 

Let us consider the multisets defined in so-called multiplicative form [28], 
[33], drawn from a non-empty and finite set V of nominal-valued elements 
with cardinality L, V = { v1 , v2 , ... , vL}, V;+1 # vi, Vi E {1 , 2, ... , L - 1 }. 

Definition 1 (Multiset). The multiset S drawn from the ordinary set V 
can be represented by a set of pairs: 

S = {(ks(v) , v)}, Vv E V, 

where ks: V • {O, 1, 2, ... }. 

(1) 

In (1) the function ks(-) is called a counting function or a multiplicity 
function, and the value of V specifies the number of occurrences of the 
element v E V in the multiset S. The element which is not included in the 
multiset S has its counting function equal zero. 

Let us assume, that vm ( L) denote the set of the multisets drawn from 
the set V, such that no element occurs more than m times. The cardinality 
of the set V is L , and m is an integer number. Definition 1 can be written 
in the following way 

(2) 

understood, that the element v1 E V appears ks ( v1 ) times in the multiset 
S, the element v2 E V appears ks(v2 ) times, and so on. In the case where 
ks ( vi) = 0, then the element Vi E V can be omitted. 

Let us consider two multisets S1 and S2 , such that S1, S2 E vm(L), as 
follows 

S1 = { (ks1 ( Vi), V1), (ks 2 ( V2), V2), •··, (ks 2 ( VL), VL)}, 
S2 = { (ks 2 ( V1), V1), (ks 2 ( V2), V2), ... , (ks 2 ( vL), VL)}. 

(3) 

The following basic operations and notions on the multisets are well 
known: 

• the union of multisets 
S1 U S2 = {(ks 1us2 (v ), v) I ks 1usJv) := max{ks1 (v), ks2 (v)}, V E V}, 

• the intersection of multisets 
S1 n S2 = {(ks1ns2 (v) , v) I ks1ns2 (v) := min{ks1 (v), ks2 (v)} , VE V}, 

• the arithmetic addition of multisets 

6 



S1 EB S2 = {(ks 1 Ef)s2 (v) ,v ) I ks1 Ef)s2 (v) := ks 1 (v) + ks2 (v) , VE V}, 
• the arithmetic subtraction of multisets 

S18S2 = {(ks1es2 (v),v) I ks 1e s2 (v) := max{ksJu)-ks2 (v),O}, VE V} , 
• the symmetric di.ff erence of m:uU'isef;s 

S1 6 S2 = {(ks1 6 s2 (v) ,v) [ ks16s2 (v) := I ks1 (v) - ks2 (v) I, VE V}. 

On the basis of the authors' previous research, the new asymmetric mea
sure of proximity between two multisets S1 and S2 is introduced. The details 
of the proposed approach are presented below. 

2.1. Concept of multisets' perturbation 

Comparison of the first multiset S1 to the second multiset S2 is meant 
that the second multiset is perturbed by the first multiset, while comparison 
of the second multiset S2 to the first multiset S1 is meant that the first 
multiset is perturbed by the second one. It is important to notice, that 
the direction of the perturbation has significant meaning. In [23, 24, 25], 
there was developed the definition of a novel concept of perturbation of 
one multiset S2 by another multiset S1, denoted by (S1 H S2) , which is 
interpreted as a difference between one multiset and another multiset, S1 8S2 , 

in the following way: 

The counterpart definition is similar 

The interpretation of the perturbation of one multiset by another multiset 
is presented in the following example. 

Example 1. There is considered the following set V = { a, b, c, d, e} and 
two exemplary multisets S1 = { (1 , a) , (1 , e)} and S2 = { (1 , a) , (1, d) , (3, e )} , 
where S1 , S2 E V3 (5). The perturbation of the multiset S2 by the multiset 
S1 is the empty multiset, (S1 H S2) = 0. The perturbation of the multiset 
S1 by the multiset S2 is the following multiset (S2 H S1) = {(1 , d) , (2 , e)}. 

Note, that each finite multiset drawn from the ordinary set of L elements 
can be shown as a point in £-dimensional space. For example, assume that 
L= 2, then the multiset {b , a, b, b} can be written in a simplified form as 
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{(l, a), (3, b)} (since the order of elements is irrelevant) and by omitting the 
names of the elements, we get the point (1,3) in 2-dimensional space. 

The geometrical interpretation of the proposed concept of the perturba
tion in 2D space is provided below. 

2. 2. Geometrical interpretation of multisets' perturbation 

Let us assume that card(V) = 2, i.e. , V = { v1 , v2 }, and then consider 
two multisets S1,S2 E vm(2), denoted by S1 = {(ks1 (vi),v1), (ks1 (v2),v2)} 
and S2 = {(ksJu1), v1), (ks2 (v2), v2 )}. Each considered multiset can be rep
resented as a point in 2-dimensional space, see Fig. 1, and these two points 
have the following coordinates (ks1 (v1), ks1 (v2)) and (ks2 (v1), ks2 (v2)), re
spectively. According to ( 4) and (5), the perturbation of an arbitrary multi
set S2 by another multiset Si is interpreted as a new multiset described as 
follows [23, 24, 25]: 

(S1 H S2) = {(ksp--ts2 (Vi), Vi), (ksp-+s2 (v2), V2)} = 

= {(max{ks 1 (vi) - ks2 (v1), O}, v1), (max{k81 (v2) - k82 (v2), O}, v2)}. 

And, in the opposite case, the perturbation of the multiset S1 by the 
multiset S2 has the similar definition [23 , 24, 25] 

(S2 H S1) = {(ks2 t--ts 1 (vi), V1), (ks 2t--ts 1 (v2), V2)} = 

= {(max{ks2 (vi) - ks1 (vi), O} , vi), (max{ks 2 (v2) - ks1 (v2), O} , v2)}. 

The two-dimensional graphical illustrations of non-zero values of counting 
functions of the perturbations for the exemplary multisets S1 and S2 are 
presented in Fig. 1. Within the figure , there are indicated two perturbations, 
i.e., the perturbation (Si H S2) in the left figure , and (S2 H Si) in the right 
figure. The arrows indicate the directions of the perturbation. 

Analyzing Fig. 1, one may notice that for the exemplary multisets S1 , S2 

the perturbation of one multiset by another creates a new multiset, ob
tained as the subtraction of these two multisets. The following conditions 
ksi>--+s2 (vi) = ks 1 (v1) - ks2 (v1) and ksp---+s2 (v2) = 0, as well as ks2 >--+s, (vi) = 0 
and ks 2 t--ts1 (v2) = ks 2 (v2) - k 81 (v2), are satisfied. The segments marked by 
the thick lines indicate positive values of the counting functions ksi>--+s2 ( v1 ) 

and ks2 t--tsi (v2), respectively. In the case of the perturbation (S1 H S2 ), the 
beginning of the segment is the point ( k82 (vi), k81 ( V2)), and the end of the 
segment is the point (k8 i(vi),k81 (v2 )). While, for the opposite perturbation 
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k(v2 ) k(v,) 

(0 ,m) ____________________________ (m,m) 
(O,m) -- - ------------------------- - , (m,m) 

ks, (v,) t-----e 

(0,0) k5, (v,) k5, (v1) 
(m,0) 

k(v1) 

s, 
ks, (1•, ) 

ks,.(v,) ~~~-~-~•.'.~,~~[~-• S1 '''"' ,. 1~ 
(0,0) ks, (v,) ks, (v1) 

(m,0) 

Figure 1: The graphical illustration of the values of counting functions of the perturbations 
for S1 and S2 

(S2 H S1), the beginning of the segment is the point (ks2 (v1),ks1 (v2)) , and 
the end is the point (ks2 (v1), ks2 (v2)). 

Thus, the first perturbation, depictured at left side of Fig. 1, can be 
rewritten in the following form 

(S1 H S2) = {(ks1 Hs2 (v1) , V1), (ks1Hs2 (v2), v2)} = 

= {(ks1 (v1)- ks 2 (v1),v1), (O,v2)} 

while the second perturbation, depictured at right side of Fig. 1, can be 
rewritten as 

(S2 H S1) = { (ks2Hs1 (vi) , v1) , (ks2Hs1 ('/J2) , v2)} = 

= {(O, V1) , (ks2 (v2) - ksJv2) , V2)}. 

Next, we will present details of the measure of the perturbation of one 
multiset by another multiset. 

2.3. Measure of multisets' perturbation 

Again, let us consider two multisets S1, S2 E vm(L), V = {'/J1, '/J2, ... , vL}. 
The perturbation of one multiset by another constitutes a new multiset , and 
there is a problem of estimating numerical values of the multisets' pertur
bations. For this purpose, we give two proposals of defining the measure 
of the perturbation of the multisets, which values range between O and 1. 
Value O indicates the lowest value of the perturbation measure while 1 is the 
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highest value. The definitions are based on the cardinality of the multiset 
as a function that assigns a non-negative real number to each finite multiset 
SE vm(L), i.e., card(S) = L k8 (v). At the beginning the arithmetic sub-

v E V 

traction of two multisets is determined and its cardinality is described, and 
then the result is normalized. 

Here, we propose the measure of perturbation type l of one multiset 
by another with normalization done by the use of the arithmetic addition of 
these two multisets S1 E0 S2 , and another measure of pert'Urbat'ion type 2 
with normalization caused by the union of two considered multisets S1 U S2 . 

First , let us consider the measure of the multisets' perturbation type 1 of 
the multiset S2 by the multiset S1 . The way of calculation of the measure of 
perturbation was shown in [23, 24]. 

Definition 2 (Measure of perturbation type 1). Th e m easure of per
turbation type 1 of the multiset S2 by the multiset S1 is defined by a mapping 
Per18 : Vm(L) x vm(L)-+ [O, 1], in the following manner: 

L 

P 1 (S S) _ card(S18S2) 
er Ms 1 H 2 - card(S1 E0 S2 ) 

L(ks1(vi) - ks1 ns2(vi)) 
i=l 

L 

L(ks1(vi) + ks2 (vi)) 

(6) 

i=l 

The intuitive meaning of the above definition can be given as follows. 
The measure of perturbation of one multiset by another is understood as the 
total number of elements appearing in the multiset which is created as the 
arithmetic subtraction of these multisets. The measure is normalized by the 
total number of elements within the multiset created by arithmetic addition 
of these multisets. The normalization causes that the measure is not greater 
than 1. 

In the counterpart case, the measure of perturbation of the multiset S1 

by the multiset S2 is defined in the similar way: 

L 

L(ks2 (vi) - ks2ns1 (vi)) 
i=l 

L 
(7) 

L(ks2 (vi) + ks1 (vi)) 
i=l 

The definitions of these two cases are similar, however the difference is 
involved in the directional character of the arithmetic subtractions. 
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The measure of multisets' perturbation type 1 satisfies the following prop
erties: 

Corollary 1. The measure of perturbation type 1 of the multiset S2 by the 
multiset S1 satisfies the following conditions, I= {1, 2, ... ,L}, 
1) 0::; Per1r5 (S1 H S2) ::; 1 
2} Per115 (S1 H S2) = 0 if and only if kst ( vi) = ks1ns2 ( vi), Vi E J 
3) If Vi E J, ks2 ('1\) = 0, and :3ksJui) > 0, i E I , t;hen Per1r5(S1 H S2) = l. 

Proof. See Definition 2. 

Now, the measure of the perturbation type 2 is defined in the following 
way [25]. 

Definition 3 (Measure of perturbation type 2). The measure of per
turbation type 2 of the multiset S2 by the multiset S1 is defined by a mapping 
Perirs: Vm(L) x Vm(L)---+ [O, 1], in the following manner: 

(8) 

The definition of the counterpart case is similar 

(9) 

The measure of perturbation type 1 of multisets differs from the measure 
of perturbation type 2 with respect to different form of the denominator. 
Namely, in the Definition 2 there is the arithmetic addition S1 EB S2 , while in 
Definition 3 there is the union of multisets S 1 U S2 . 

The measure of perturbation type 2 of one multiset by another multiset 
satisfies the following properties: 

Corollary 2. The measure of perturbation type 2 of the multiset S2 by the 
multiset S1 satisfies the following conditions, I= {1, 2, ... ,L}, 
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1) 0 '.S Peri5 (S1 f-t S2) '.S 1 
2) Peri5 (S1 f-t S2) = 0 if and only if ks1 (vi) = ks1ns2(vi), Vi EI 
3) If Vi EI, ks2 (vi) = 0, and :3ksJui) > 0,i EI, then Peris(S1 f-t S2) = 1. 

Proof. See Definition 3. 

The idea of multisets' perturbation will be now illustrated by the following 
example. 

Example 2. There is considered the following set V = { a, b, d, e} and two 
exemplary multisets S1 = { (1, a) , (1, e)} and S2 = { (1, a), (1, d), (3, e) }, where 
S1 , S2 E V 3 (4). Due to Definition 2, the measures of perturbation type 1 is 
calculated in the following way: 

4 

L ( ks1 ( vi) - ks1nS2 (vi)) 
P erlt-5 (S1 H S2) = i=l4 = 0, 

L(ks1(v.i) + ks2 (v.;)) 
i = l 

4 

L(ks2(vi) - ks2nS1 (vi)) 
P 1 (S S) i = l e rMS 2 H 1 = _4 _______ _ 

L(ks2(vi) + ks1(vi)) 

3 
-

7 

i = l 

In the subsequent subsection we provide the geometrical interpretations 
of the proposed measure of the multisets' perturbation in 2D and 3D space. 

2.4- Graphical illustration of measure of multisets' perturbation 

In order to demonstrate the meaning of the measures of the perturbation 
both type 1 and type 2, of multiset S2 by multiset S1, i.e., P er15 (S1 H S2) 
and Peri5 (S1 H S2), as well as the counterpart cases , i.e. , P er15 (S2 f-t S1) 
and Peri5 (S2 H S1) , we draw some possible graphical illustration of the 
measures of the perturbations of the multisets in 2D and in 3D. 

Case 2D 
Let us assume that V = {a}, i.e. , L = card(V) = l , and consider two 

multisets S1 = {ks1(a) , a} and S2 = {ks2 (a),a} , S1 , S2 E vs(l). According 
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to Eq. (6) and (7) the measures of perturbation type 1 have the following 
forms: 

P 1 (S S) _ ks1(a) - ks1ns2(a) 
er Ms l i--+ 2 - k ( ) k ( ) ' 

S1 a + S2 a 

P 1 (S S ) _ ks2 (a) - ks2ns1 (a) 
erMs 2 i--+ 1 - k ( ) k ( ) , 

S2 a + s1 a 

and according to Eq. (8) and (9) the measures of perturbation type 2 have 
the following forms 

P 2 (S S) _ ks1(a) - ks1ns2(a) erMs 1 i--+ 2 - - -------, 
max{ks1 (a), ks2(a)} 

P 2 (S S) _ ks2(a) - ks2ns1 (a) erMs 2 i--+ 1 - --------. 
max{ks2(a), ks1 (a)} 

Additionally, it is assumed, that the counting function for the multiset 
S1 equals 2, i.e., k81 (a) = 2; while the counting function for the multiset 
S2 is changed from O to 5, i.e., k82 (a) = 0, l, 2, 3, 4, 5. In this way, we 
consider the pairs of the multisets: S1 and S2, where the multiset S1 is 
fixed , i.e. , S1 = {(2, a)}, and the second multiset S2 is changed as follows: 
S2 = {(O, a)}, S2 = {(1 , a)}, S2 = {(2, a)}, S2 = {(3 , a)} , S2 = {(4, a)}, 
S2 = {(5, a)}. Fig. 2 shows comparisons between the values of the measures 
of the perturbations for such pairs of the multisets S1 and S2 . 

In the left figure , there are displayed the measures of the perturbation 
type 1, denoted by Per18 (.), while in the right-hand figure there are dis
played the values of the measures of the perturbation type 2, denoted by 
Pert8 (.), for the multisets S1 and S2. 

The figures display changes of the values of the perturbation measures 
with respect to the values k82 (a) (which are changed from Oto 5), for fixed 
value of the function k81 (a) = 2. For the first case of the perturbation, i.e., 
(S1 i--+ S2), the measures Per18 (S1 i--+ S2) and Per~18 (S1 i--+ S2) (indicated 
as the points on the blue lines in Fig. 2) are equal O for 

For the second case of the perturbation, i.e., (S2 i--+ S1 ), the values of the 
measures of the perturbation: Per18(S2 i--+ S1) and Pert8(S2 i--+ S1) (indi
cated as the points on the red lines) are equal O for 
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Figure 2: The measures of perturbations Per118 (,) and Per'fw 8 ( . ): the perturbation 
(S1 >---+ S2) - the points on blue lines, the perturbation (S2 >---+ S1) - the points on red 
lines. The value of ks1 (a) is equal 2 and ks2 (a) is changed from O to 5 

It is interesting to note that the both curves are convex. 

Case 3D 
Now, let us consider a case characterized by V = {a, b}, i.e., card(V) = 2, 

and two exemplary multisets S1, S2 E V4 (2), S1 = {(ks1 (a), a), (ks1 (b), b)} 
and S2 = {(ks2 (a), a), (ks2 (b), b)}. It is assumed additionally, that the value 
of each counting function for S1 is equal 2, i.e., k81 (a) = 2, and k81 (b) = 2; 
while the values of the counting function for S2 are ranged between O and 
4, i.e., k82 (a), k82 (a) E {O, 1, 2, 3, 4}. In this way, we consider two multisets 
S1 and S2 , where the multiset S1 is fixed, i.e., S1 = {(2, a), (2, b)} and the 
second multiset S2 is changed as follows 

S2 = {(O,a), (O,b)}, S2 = {(O,a),(1,b)}, S2 = {(O,a),(2,b)}, 
S2 = {(O, a), (3, b)}, S2 = {(O, a), (4, b)}, 

S2 = {(1, a), (0, b)}, S2 = {(1, a), (1, b)} , S2 = {(1, a), (2, b)}, 
S2 = {(1,a),(3,b)}, S2 = {(1,a), (4,b)}, 

S2 = {(4,a),(O,b)}, S2 = {(4,a), (1,b)}, S2 = {(4,a),(2,b)}, 
S2 = {(4,a),(3,b)}, S2 = {(4,a),(4,b)}. 

As an example of 3D case, let us consider the measure of perturbation 
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type 2 for the multisets S1 and S2 , denoted by Per'fi,15 (52 H S1), and de
scribed by Eq.(9): 

2 

I:(ks2(vi) - ks2nS1 (vi)) 
Per;,15 (52 H S1) = _i;-1--------

L max{ks1 (vi), ks2(vi)} 
i=l 

ks2 (a) + ks2(b) - ks2ns1(a) - ks2ns1(b)) 
ma:r:{ks1 (a), ks2(a)} + max{ks1 (b) , ks2 (b)} · 

0 2 3 4 

3/4 

1/2 

1/4 
0 

ks, (b) 

Figure 3: The changes of the measure of the perturbations 

Thus, each considered measure of perturbation type 2, for fixed multiset 
S1 = {(2, a), (2,b)} and for changing multiset S2 = {(ks2(a),a), (ks2(b),b)} 
(i.e., for changing values of k82 (a) and k82 (b) from Oto 4), can be represented 
as a point on a plane in Fig. 3. In a 3-dimensional space, each such point 
has the following coordinates (ks2 (a), ks2 (b ), Per'fvt8 (S2 H S1) ). 

Fig. 3 shows, that the measure of the perturbation type 2, denoted by 
Per'fvt8 (S2 H S1), is equal O if ks2 (a) E {O, 1, 2} and ks2 (b) E {O, 1, 2}. The 
value of the measure of the perturbation is greater than zero if ks2 (a) E {3, 4} 
or ks2 (b) E {3, 4}. 
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2. 5. Comparing selected proximity measures 
Let us consider two multisets S1 and S2 , such that S1, S2 E vm(L) , 

drown from the set V = { v1 , v2 , ... , vL} of nominal elements. It is important 
to mention, that there are several known measures which can be applied for 
comparison of two multisets. Comparing proximity measures can be ana
lyzed analytically, where two measures are considered equivalently or one 
measure is expressed as a function of the other measure, or empirically, for 
a given data set. Both cases are discussed below. 

Empirical case 
Let us compare the proposed perturbations of one multiset by another to 

three commonly used distance measures, namely 

L 

dManhattan(S1,S2) =LI ks1 (vi)-ks2 (vi) I, 
i=l 

L 

deuclidean(S1, S2) = L(ks1 (vi) - ks2 (vi))2. 
i=l 

Let us assume that L= 2, and let us consider two exemplary multisets 
S1 = {(ks1 (a), a), (ks1 (b), b)} and S2 = {(ks2 (a), a), (ks2 (b), b)} drown from 
the set V = {a,b}, where S1 ,S2 E V5 (2). It is assumed additionally, that 
ks1 (a) = 2, ks1 (b) = 3, and ks2 (a) = 3, ks2 (b) = l. In this way, we consider 
the pair of the multisets S1 = {(2,a),(3,b)} and S2 = {(3, a),(1,b)}. The 
multisets S1 and S2 can be represented as points in 2D space specified by the 
coordinates k(a) and k(b), namely as points (2,3) and (3,1), respectively. And 
then, there arises a problem of calculation of degrees of proximity between 
these two multisets. According to (4) and (5), the perturbations for the 
multisets S1 and S2 are interpreted as the new multisets, described as follows: 

(S1 H S2) = {(max{ks1 (a) - ks2 (a), 0}, a), (max{ks1 (b) - ks2 (b), 0}, b) = 

= {(0, a), (ks1>--+s2 (b), b)} = {(0, a), (2, b)}, 

(S2 H S1) = {(max{ks2 (a) - ks1 (a), 0}, a), (max{ks2 (b) - ks1 (b), 0} , b) = 

= {(ks2 >--+s1 (a), a), (0, b)} = {(1, a), (0, b)}. 
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The values of nonzero counting functions of perturbations are k81 >-+82 (b) = 2, 
and ks2 o-+s1 (a) = 1. The graphic illustration of the selected measures and 
non-zero values of the counting functions of proposed perturbations, for the 
fixed multisets S1 and S2 , is shown in Fig. 4. 

k(b) 

5 --------------------------------------------, 

----3 -----------------

0 2 3 k(a) 

Figure 4: A graphical illustration of selected measures for fixed multisets S1 and S2 

It is easy to confirm that the different criteria of evaluation of the dis
tances between multisets will lead to different results. Obviously, the Cheby
shev measure dchelYJJshev(S1, S2) = 2 (the purple segment) as well as Manhat
tan dManhattan(S1, S2) = 3 (the red path shows one of possible realization) 
and Euclidean dsuclidean(S1, S2) = -/5 (green segment) are symmetric. How
ever, if the direction of comparison of multisets cannot be neglected, then 
non-zero values of the counting functions ks1o-+s2 (b) = 2 and ks2 o-+s1 (a) = 1 
(two black segments) may be used. Thus, it is obvious that it is impossible 
to indicate which measure is better in general. In other words, there does 
not exist the best measure for evaluation of proximity between two arbitrary 
multisets and the choice depends on the nature of data under consideration. 

Analytic case 
The different measures known in the literature can be expressed as some 

functions of the measures of perturbations type 1 [23, 24], or the measures 
of perturbations type 2 [25]. These measures can be spread into two compo-
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nents, which correspond to both directional perturbations. In the following 
corollaries we present several important properties of the select measures, in 
which there is involved our idea of the perturbation measures. For example, 
Bray-Curtis (Soresen) dissimilarity [5], [19] 

card(S1 6. S2) 
ds-c(S1, S2) = d(S S), car 1 EB 2 

that is popular in the environmental sciences, can be obviously rewritten in 
such a way that the equivalent definition contains the sum of the measures 
of the perturbation type 1. 

Corollary 3. The sum of the measures of the perturbation type 1 satisfies 
the following condition 

Proof. Obvious. 

Likewise, the equivalent definition of the Steinhaus distance [8] 

can be obtained as follows. 

Corollary 4. The sum of the measures of the perturbation type 2 satisfies 
the following condition 

Proof. Obvious. 

Thus, the introduced measures of perturbations of one multiset by another 
multiset can be used to provide equivalent interpretations of the distances 
between two multisets. 

Equipped with the definitions of the perturbation of multisets, in the 
forthcoming sections, we will define a description of the multi-attribute object 
with repeating nominal values, as a collection of multisets. Next, the concept 
of the measure of perturbation of one multiset by another multiset is adopted 
to all multisets describing the considered object and the group of such objects. 
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3. Multiset approach to multi-attribute objects 

Let us consider a collection of the multi-attribute qualitative objects 
U = {en}, indexed by n, n = 1, 2, ... , N. The objects are described by 
K attributes A = {a1,a2, ... ,aK}, indexed by j, j = 1,2, ... ,K. The set 
Vaj = {v1,j, v2,j , ... , 'U Lj,J} is the domain of the attribute aj E A, j = 1, 2, ... , K, 
where Lj denotes the number of nominal values of the attribute aj, Lj 2: 2. 
Then we assume, that the considered multi-attribute objects can be charac
terized by repeated values of the attributes. We have additional information, 
how many times each value vi,j E Vaj, for i = 1, 2, ... , L.i and j = 1, 2, ... , K , 
is repeated for the each object e E U. 

3.1. Description of multi-attribute object 

Assuming, that the objects are represented by their descriptions, the 
description of an object e is denoted by Ge, and can be represented by a 
collection of the multisets, see the following definition. 

Definition 4 (Description of object). Every object e, e E U, can be rep
resented by a collection of K multisets Sj ,t(j ,e) , j = 1, 2, ... , K , drawn from 
the ordinary sets of nominal values Vaj = { v1,j, v2,j, ... , vLj,J} of the attributes 
aj, described as follows 

Ge =< S1,t( l ,e), S2,t(2 ,e), •··, SK,t(K,e) > (10) 

where Sj,t(j ,e) E V:,';'(Lj), i.e., 1 :S card(Sj,t(j,e)) :Sm, for j E {l , 2, ... , K}. 

In Definition 4, the description of the prescribed object e is denoted by Ge, 
while each consisting multiset Sj,l(j ,e) represents respective attribute aj, where 
j = 1, 2, ... , K. This way the subscript j, t(j, e), for j = 1, 2, ... , K, specifies 
the attribute aj of the object e, while the multiset Sj,t(j ,e) represents this 
attribute description. Each j-th multiset Sj,t(j,e) (the number of j specifies 
that attribute aj is considered) can be represented by a set of Lj pairs, 

sj,t(j,e) = {(ksj,t(j,e) (vi ,t(j ,e) ), vi,t(j,e)) Ii= 1, 2, ... , Lj} = (11) 

= { ( ksj t(j ,e) ( V1 ,t(j,e)), V1,t(j,e)), · · ·, ksj ,t(j,e) ( V Lj ,t(j ,e) ), V Lj ,t(j,e))} 

where Vi ,t(j,e) E Vaj, j = 1,2, ... ,K. The value ksj ,t(j,e) (vi ,t(j ,e) ), i = 1,2, ... ,Lj, 
specifies the number of occurrences of the value vi ,t(j,e) E Vaj in the multiset 
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S j, t(j,e) · Another subscript i, t(j , e) specifies which element v ,;,t(j ,e ) from the 
set Va1 = {v 1,j,V2,j , ···,vLJ,i} for the attribute aj, and for object e, is con
sidered. Thus, the applied notation states, that for the object e, and for 
the attribute aj, the value vi,t (j,e) E Va1 appears ks1,, u,e) (vi ,t(j ,e) ) times , and 
the value v 2,t (j ,e) E Vai appears ksi ,tU,eJ ( v 2,t(j ,e)) times, and so on. Thus , in 
this notation each multiset Sj,t (j ,e) represents the separate attribute ai which 
takes the values v ,;, t;(j,e) E Va1 , j = 1, 2, ... , K . 

Example 3. Let us consider the object e described by two attributes { a1 , a2}, 
where the sets Va 1 = {v1,1 , v2,1 , V3,1} , and Va 2 = {v1,2, v2,2} are the do
mains of these attributes, respectively. According to (10), the object e can 
be described by a collection of two multisets Ge =< S1,t (l ,e), S2,t(2,e) >. 
Due to (11), the exemplary multisets Si ,t(l ,e) and S 2,t (2,e) have the form 
S1,t (I ,e) = {(2, V1 ,1 ), (1 , V3,1)} and S2,t(2,e) = {(2, v1 ,2 )} . Thus, the descrip
tion of an object e can be written in the following multisets form G e = 
< {(2,v1,1) , (l,v3,1)},{(2, v1 ,2 )} >. 

Let us again consider two objects e1 and e2, and their descriptions G e1 = 
< S1,t( l, e1 ), S2,t(2 ,e1), ··· , SK,t(K,ei) >, G e2 =< S1,t(l ,e2), S2 ,t(2 ,e2) , ··· , SK,t(K,e2) >. 
The arithmetic addition of the multisets constitutes a new multiset, and can 
be applied to all multisets in the descriptions Ge1 and Ge2 • In this way, we 
can introduce the definition of the join between the descriptions of objects. 

Definition 5 (Join between descriptions of objects). The join between 
the description of an object e1 and the description of an object e2 is described 
as follows 

The definition says, that the description of two joined objects is again 
a collection of K multisets. Each such j-th multiset , j = {1 , 2, ... , K}, is 
constructed as the join of two multisets S j, t (j,ei) EB S j ,t(j ,e2) describing the at
tribute a j for the objects e1 and e2 , respectively. 

Next , we will present details of the measure of the perturbation of one 
object by another object . 
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3.2. Measure of objects' perturbation 

There are considered two objects e1 , e2 E U, described by K attributes 
A = {a1 ,a2, ... ,ax } and the set Va1 = {v1,j,v2,j, ···,vL1,j } is the domain of 
the attribute aj E A, j = 1, 2, ... , K. According to (10) , the respective 
descriptions are following: 

where Sj,t(j,e1 ), Sj,t(j ,e2 ) E Va';'(Lj), j = 1, 2, ... , K. The novel concept of ob
jects' perturbation is defined as follows. 

Definition 6 (Perturbation of objects). Th e perturbation of the object 
e2 by the object e1, denoted by (Ge1 t--+ Ge2 ), can be represented by a collection 
of multisets Sj,t(j ,e 1 )8Sj,t(j,e2 ), j = 1, 2, ... , K, drawn from the ordinary sets of 
nominal values Va1 of the attributes aj, respectively, 

( G e1 1--t G e2) =< ( S1,t(l,e1) 1--t S1,t(l,e2)), · · · , ( SK,t(K,e1 ) 1--t SK,t(K,e2 )) >= 

=< S1 ,t(l ,e1) 8S1 ,t(l,e2)' S2,t(2,e,) 8S2,t(2 ,e2)' ... ' SK,t(K,e1) esK,t(K,e2) > (13) 

Thus , the perturbation of the object e2 by the object e1 , is represented 
by the collection of the multisets constructed as difference of the multisets, 
for each attribute aj, j = 1, 2, ... , K. 

The counterpart case is defined in a similar way. 
In turn, the measure of the perturbation of one object by another object 

is a number ranged between O and 1 and obtained via some aggregation oper
ator. The aggregation is done on the set of the measures of the perturbations 
associated with each attribute aj, j = 1, 2, ... , K , see Definition 7. 

Definition 7 (Measure of perturbation of objects). The measure of 
perturbation of the object e2 by the object e1, denoted by P ero(Ge 1 t--+ Ge2 ), 

is defined in the following manner: 

(14) 

where Agg is an aggregation operator. 
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In the opposite case, the measure of the perturbation of the object e1 by 
object e2 is defined in a similar way. 

The aggregation operator used in (14) is defined as a mapping Agg : 
[O, l]K--+ [O, 1], which assigns any K-tuple (p1 ,p2 , ···,PK) of real numbers to 
a real number and satisfies the following conditions: 

• idempotence: Agg(p,p, ... ,p) = p, 
• monotonicity: if Pi ?: qi for i = 1, 2, ... , K, then 

Agg(p1,P2, •·· ,PK)?: Agg(q1, qz, ... , qK), 
• boundary conddions: Agg(0, 0, ... , 0) = 0 and Agg(l, 1, ... , 1) = 1, 
• commutativity: Agg(p1,P2, ··· ,PK)= Agg(Pi1 ,Pi2 , ... ,pi[() 

for every permutation (i1 , i2 , ... , iK) of (1, 2, ... ,K). 

In general, the result of the aggregation is lower than the highest element 
aggregated (the maximum) and is higher than the lowest one (the minimum) 
[17], i.e., the following inequalities 

min {pJ :S Agg(p1,P2, ··· ,PK) '.S max {pj} 
jE{l,2, ... ,K} jE{l,2, ... ,K} 

are satisfied. The aggregation operator Agg can be realized by various func
tions, e.g., 

• minzm:um: Agg(p1,P2, ···,PK):= min{p1,P2, ··· ,PK}, 
•maximum: Agg(p1,P2, ··· ,PK):= max{p1 ,P2, ··· ,PK}, 

K 

• arithmetic average: Agg(p1,P2 , ··· ,PK):= -k L(Pj), 
j=l 

K 

• we·ighf;ed average: Agg(p1,P2,- -· ,PK) := -k I:(wj ·pj), 
j = l 

K 

• generalized arithmetic mean: Agg(p1,P2, ···,PK):= (p L(P.i))¾. 
j=l 

Let us assume, that Wj > 0 determines the importance of the element, 
for j = l, 2, ... , K. In the further considerations in this paper we assume, 
that the aggregation operator Agg is realized by the function of the weighted 

K 

average of its arguments, i.e., Agg(p1,p2, ··· ,PK)=¾ I:(wj-pj)- Due to such 
j=l 

assumption, according to (14), the measure of the perturbation of the object 
e2 by the object e1 , is rewritten in the following manner for the measure of 
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perturbation type 1: 

(15) 

The opposite case, the perturbation of the object e1 by the object e2 is 
defined similarly. 

For further considerations, let us assume, that Wj = 1, for j = 1, 2, ... , K. 
Additionally, we can prove some properties of the measure of the objects' 
perturbations which are described by the following corollaries: Corollary 5, 
Corollary 6 and Corollary 7. 

Corollary 5. The measure of perturbation of the object e2 by the object e1 , 

represented by respective descriptions Ge2 and Ge11 satisfies the following 
inequality 

(16) 

Proof. See Appendix. 

Corollary 6. The sum of the measures of perturbation Pero(Ge1 H Ce2 ) 

and Pero(Ge2 H Ce1 ) satisfies the following inequality 

(17) 

Proof. See Appendix. 

Corollary 7. The sum of the measures of perturbation Pero(Ge1 H Ce2 ) 

and Pero(Ge2 H Gei) satisfies the following equality 

where S'imo ( Gei, G e2 ) can be interpreted as similarity of the objects. 

Proof. See Appendix. 
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Thus, the sum of the measure of perturbation of the object e1 by the 
object e2 , and the measure of perturbation of the object e2 by the object e1 , 

gives an equivalent interpretation of dissimilarity of two objects. 

In order to make closer the idea, how to represent the objects using the 
multisets, and how the perturbations are realized, let us discus the following 
illustrative example. 

3. 3. Illustrative example - students described by several sets of semester grades .. 

The example concerns on the question, how to describe the object which 
exists in several versions, e.g. the student described by several sets of the 
semester grades. The example was inspired by the paper [33], however, we 
wanted to show a way of describing such object as a collection of the multisets. 

Let us consider the high school student e1 and his two sets of the semester 
grades obtained within two groups of subjects, namely obligatory and op
tional. Let us assume, that the first group contains four obligatory subjects 
(attributes) {a1, a2, a3 , a4}, and the second also four optional subject (at
tributes) {a5, aG, a7, a8 }. All subjects have the same qualitative scale V = 
{ V2, V3, V4, V5} = {2 - "unsatisfactory", 3 - "satisfactory", 4 - "good", 5 -
"excellent;"} . Thus, the student e1 (i.e., object) is already described by two 
vectors of grades (i.e., values of attributes). For example, two versions of the 
semester's grades of the student e1 , denoted by eF) and ei2), are represented 
as follows 

ei1) = {(a1 = 4), (a2 = 5), (a3 = 4), (a4 = 5), (a5 = 4), (a6 = 5), 
(a1 = 4), (ag = 4)}, 

ei2) = {(a1 = 5), (a2 = 5), (a3 = 5), (a4 = 5), (as= 5), (a1 = 4), (a8 = 4)}, 

where a superscript ( i), for i = 1, 2, determines the number of the semester. 
Applying the multisets, each version of the students' grades can be de

scribed in a form of one or two multisets. The use of one multiset can be 
found in the paper [33]. We consider two multisets related to two sets of the 
attributes, namely { a1, a2, a3, a4} and { a5, a6, a7, a8}. The numbers of the ele
ments are equal to the proper number of qualitative scale V = { v2 , v3 , v4 , vs}, 
while each multiplicity is equal to the number of the assessments, as shown 
below 

Ge;1 ) =< 51,t(1,e(1)) ' 52,t(2,e(1)) >= 
=< {(0,v2),(0,v3), (2,v4),(2,v5)},{(0,v2),(0,v3),(3,v4),(l,v5)} >, 
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Gei2 ) = < 51,t(l ,ei2))' 52,t(2,e;2)) >= 
=< {(O,v2), (O ,v3), (O,v4), (4,vs)}, {(O,v2) , (O ,v3), (2,v4), (1 ,v5)} >. 

This way, according to Eq. (12), the description of the semester grades 
Ge1 of the student e1 is formed from two versions G (1) and G (2), and now is 

e l el 

represented by two multisets, as shown below 

Gei = G (1) ffi G (2) =< S1 t(l ei), S2 t(2 ei) >= 
e l e l ' ' ' ' 

In a similar way we can determine the description of the semester grades 
of other exemplary student e2 as two another multisets, as shown below 

To the above, we consider two exemplary students e1 , e2 with the descrip
tions Gei and Ge2 • Each description is represented by two multisets drawn 
from the ordinary set of values V = { v2, v3 , v4, v5 }. According to (13), in the 
considered example for K = 2, the multisets' perturbations have the following 
form: 

=< {(l,v2), (6,v3), (O,v4) , (O,vs)}, {(O,v2), (4,v3), (O,v4), (O,vs)} >. 

It is shown, that the multi-attribute objects described by a set of repeated 
nominal-valued attributes can be represented by collections of two multisets. 

Going further, the concept of the measuring of the perturbation of one 
object by another can be extended to the groups of objects. Details of the 
proposed approach are presented in the forthcoming subsection. 
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3.4, Measure of perturbation of groups of objects 

Now, let us assume, that every non-empty subset of a finite set U = 
{en}, n = 1, 2, ... , N, is called a group. We assume, that the description 
of a gro·up g is denoted by G9. Let us consider a non-empty group of 
the objects g <:;;; U containing the objects { en : n E ] 9 <:;;; {1 , 2, ... N} }. 
According to (10), every object en E 9, can be represented by a collec
tion of the multisets Sj,tU,en), for j = 1, 2, ... , K, drawn from the ordinary 
sets of values Vaj = {v1,j,V2,j, .. . ,vi1,j} of the attributes aj, i.e., Gen = 

< 81 ,t(l ,en), S2,t(2,en), ... , SK,t(K,en) >, for sj,t(j,en) E va7(Lj)- Thus, the group 
of objects 9 can be represented by a collection of multisets, while each 
multiset is drawn from the ordinary sets of values Vai' for j = 1, 2, ... , K, 
and the description of such a group is defined as follows, G9 = EB Gen, 

nEJ9 

see Definition 8. 

Definition 8 (Description of group of objects). A group of objects g, 
can be represented by a collection of multisets Sj,t(j,g), j = 1, 2, ... , K, drawn 
from the ordinary sets of nominal values Vaj of the attribute aj, and is de
scribed as follows 

Cg=< S1,t(l,g), S2,t(2,g), ... , SK,t(K,g) > 

where the multiset Sj,t(j,g) E Va7(Lj) for j E {1, 2, ... , K}. 

(19) 

This way, considering two groups of objects 91 , 92 <:;;; U, described as fol
lows: Ggi =< S1,t(l,91), S2,t(2,g,), ... , SK,t(K,91) > and Gg2 =< S1,t(l,92), S2,t(2,g2), 

... , SK,t(K,92) >, for sj,t(j,91), sj,t(j,92) E va7(Lj), j E {1 , 2, ... , K}, we can define 
the groups' perturbations as well as their measures. The considered group g1 

contains the objects { en : n E 191 <:;;; { 1, 2, ... N}}, while the group g2 contains 
the objects { en : n E 192 <:;;; {1, 2, ... N}}, where 191 n 192 = 0. 

Definition 9 (Perturbation of group of objects). The perturbation of 
one group of the objects 92 by the another group g1, denoted (G91 t-t G92 ), 
can be represented by a collection of the multisets (Sj ,t(j,gi) t-t Sj,t(j,92 )) = 
Sj,t(j,g1 )8Sj,t(j,g2), j = 1, 2, ... , K, drawn from the ordinary sets of nominal 
values Vaj of the attributes aj, respectively, and is written as follows 

(20) 

=< (S1 ,t(l ,91) 1-t S1,t(l,92)), (S2,t(2,gi) 1-t S2,t(2,g2)), ... , (SK,t(K,g,) 1-t SK,t(K,92)) > · 
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Thus, the perturbation of one group of objects by another group is defined 
in an analogous way to the perturbation of one object by another object. 

The counterpart case is defined in a similar way, i.e. , 

(21) 

=< (S1 ,t(l ,g2) f---t S1,t(l,g1 ) ) , (S2 ,t(2 ,g2) f---t S2 ,t (2,g1)), .. . , (SI< ,t(I<,g2 ) f---t S1<,t(I<,g1 ) ) > • 

The measure of the perturbation of one group of the objects by another 
group of the objects is a number ranged between O and 1 and obtained 
via using of some aggregation operator. The aggregation is done on a set 
of the measures of the perturbations associated with each attribute aj, for 
j = l , 2, ... , K, see Definition 10. 

Definition 10 (Measure of perturbation of group). The measure of the 
perturbation of the group of the objects g2 by the group of the objects g1 , zs 
denoted by Perco(G91 H G92 ) , and is defined in the following manner: 

= Agg(PerMs(S1,t(l ,g1)8S1,t(l ,92)) , ... , PerMs(SK,t(K,g1 )esK,t(K,92))) , 

where Agg is the aggregation operator, defined as Agg: [O , ljK----+ [O, l]. 

(22) 

The considered developments can be applied in data mining tasks with re
dundancy, like classification problems of multi-attribute qualitative objects, 
wherein the values of the attributes can be repeated. The objects' classifi
cation is based on representing of each object by multisets, and on a set of 
elementary rules, and allows to assign the objects into proper groups. Thus, 
in the forthcoming section, the groups' perturbations and their measures are 
applied to generate the description of groups of objects in the form of the 
classification rules. 

4. Case study - classification problem 

In order to support our investigations, let us analyze following interesting 
problem. Let us consider the set of objects en E U, wherein the attributes val
ues describing the objects are allowed to be repeated. The proposed method
ology consists of two main steps: 1) The first step is to preprocess the data, 
i.e. transforming the object into a proper data as the multisets represen
tation. 2) In the next step , the descriptions of the distinguished groups of 
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objects are generated in the form of the classification rules. Each such clas
sification rule has the following form: "IF certain conditions are satisfied 
TH EN a given object ·is a member of a specific gro'Up" . 

In this case, the conditional part of rules will contain the disjunction of 
conditions related to the subset of the value of attributes. In this paper, 
the generation of such rules is made on the basis of the perturbations of 
the multisets, which allow to distinguish the considered group from the rest 
of objects belonging to other groups. The classification rules are generated 
separately for each group [18]. Finally, the generated classification rules 
can be applied to classify the new objects. The classification is carried out 
through verification of fulfillment of the conditions in the conditional parts 
of the rules [39]. Thus, the basic steps of the methodology can be shown in 
Fig. 5. 

Objects 

u 
Objects Rules generator 

• based on processing • represented as 
multisets perturbation idea 

Data • Classification 
rules 

Figure 5: Scheme of our approach to create the classification rules 

Details of the second step are presented in the forthcoming subsection. 
The whole developed approach is illustrated by the example of classification 
text documents in Section 4.2. 

4- 1. Generation of classification rules based on perturbation idea 

Considering for example, text documents like articles, books, reports, 
etc. , and ignoring the context and the semantics, let us assume, that the 
objects en E U , indexed by n , n = l, 2, ... , K , are described by the set of 
repeated keywords, phrases, descriptors, etc., denoted by the set of values 
V = {v1 ,v2 , .. . , vL}, where vii- Vj, Vii- j , for i,j E {1 , 2, .. ,,L}. There 
is available additional information about the multiplicity of each value vi, 
i = 1, 2, ... , L, for each object en. In this way, each object en (i.e., a text 
document) can be represented by the multiset Sen drawn from the set of 
values V. According to (12) , the description of the object en is denoted by 
Gen = < Sen >, where the multiset Sen E vm(L) is defined as follows: Sen = 
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{(kseJvi),vi),(kseJv2),v2), ... , (kseJvL),vL)}, Vi EV, i = 1,2, ... ,L. This 
notation states, that the value vi appears ksen ( vi) times in the multiset Sen. 

Let us consider two groups of objects. In the first group 91 , there are 
objects { en : n E lg1 i;;;: { 1, 2, ... N}}, card( Jm) = N1 , while another objects 
{ en : n E lg2 i;;;: {1, 2, ... N} }, card(Jg2 ) = N2 , do not belong to the first but 
belong to the second group 92 , where lg1 n lg2 - Additionally, it is assumed 
that the cardinality of each group is similar, i.e., N1 ~ N 2 . The classification 
rule to distinguish the objects belonging to the group 91 can be generated in 
the following algorithmic way. 

Step 1 
The groups of objects 91 and 92 can be represented as multisets drawn 

from the same set V, V = { v1 , v2 , ... , vL}. According to (19), the description 
of the group 91 and 92, denoted by Gg1 =< Sg 1 > and Gg2 =< Sm >, 
respectively, can be written as follows 

which can be rewritten as Gg1 = EB Gen and Gm= EB Gen· 
nEJ91 nEJ92 

Step 2 
Separately, for each keyword vi E V, for i = 1, 2, ... , L, there is constructed 

the i-th measure of the perturbation of one multiset by another multiset. 
Such measures of the perturbations are defined according to Eq. (6), and are 
called here as the elementary meas'Ures in the following form 

In this way, there is considered the set of L pairs of the elementary mea
sures of perturbation and the keywords vi , for i = 1, 2, ... , L. Such pairs are 
denoted as P ER5 t--tS and written as follows 

91 92 
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Step 3 
The set of L pairs P ERs >--+Sg of the i-th elementary measure of per-

91 2 

t urbation and the keywords vi for i = 1, 2, ... , L , defined by (23), should 
be rearranged by sorting with respect to their highest values of the elemen
tary measure of perturbation. The rearrangement creates a new permutation 
(i 1 , i2 ,, . .. , iL) of (1, 2, ... , L) of the pairs; in result , one receives the following 
set of pairs 

where the conditions 

Per(S91 v H S92 v · ) > P er(S92 v H S92 v · ) > ... > Per(S91 v H S92 v · ) 
' i1 ' i1 - ' 1 2 ' i2 - - ' 1-L ' tL 

are fulfilled . 

Step 4 
We can consider any real number as a parameter a E [O, 1] treated 

as the a-threshold. The parameter is applied to the set of sorted pairs 
P ERs >--+S , defined by (24), to construct a new reduced set of pairs, de-

91 92 

noted by P ER8 >--+S • The reduction is done via consideration of only those 
91 BJ. 

pairs which values or the elementary measures are greater than or equal to 
the value of t he threshold parameter a. The new set of the pairs is written 
in the following way 

Step 5 
Then, the set of pairs P ER8 >--+S described by (25) can be used to create 

91 92 

the set of the one-condition elementary rules describing the group 91 . Each 
such one-condition elementary rule for the group 91 , denoted by R9°' v · ' for 1, . 
i = i1 , i2 , ... , i La , is defined in the following manner 

R~1 ,v; : IF [considered value= vi]; q(R;1 ,vJ 
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TH EN a given object is a member of a group g1 (26) 

where q(R;1 ,vJ, for i E {i1, i2, ... , iL,J, is called the strength coefficient of 
the rule R;1 ,vi, and is described by the elementary measure of perturbation 
(25), i.e., q(R;1 ,vJ = Per(Sg1 ,v; H Sm,vJ- It is evident that O :S q(R;1 ,vJ :S 1, 
Vi E {i1, i2 , ... , iL,J-

Now, we consider the classification rule for the group g1 , denoted by 
R;1 , as disjunctions (v ) of the one-condition elementary rules for this group, 
denoted by R;1 ,vi, Vi E {i1, i2, ... , iL,J- Thus, the classification rule for the 
group g1 is described in the following way: 

TH EN the given object is a member of the group g1 (27) 

According to (26) the classification rule for the group g1 (27) has the 
following form 

Rg°'1 : IF[considered value= vi1 ]; q(Rg°' v ) V ... 
1, i1 

... V [ considered value = viL ] ; q( Rg°' v ) 
et 1 , iLo. 

TH EN the given object is a member of the group g1 (28) 

where q(R;1 ,vJ is the strength coefficient of the one-condition elementary rule 
R;I,Vi' i E {i1,i2, ... ,i£,J-

The above procedure shows the way, how to create the classification rule 
for one group, taking into account two existing groups. When we consider 
more than two groups, the procedure is run in a very similar way. Namely, 
generating the classification rule for the selected group g, all other groups are 
considered as one group containing the objects do not belong to the group 
g. Then, e.g. considering the classification rule for the group g2 , the objects 
from the rest groups (i.e., g1 and g3 , g4 , and so on) are considered as one 
group. The classification rules are formed for each group sequentially. 

The already generated classification rules (28), (i.e., R;1 , R;2 , and so on) 
can be applied to classification of a new object e. The classification is carried 
out through verification of fulfillment of conditions in the conditional parts 
of the rules. The classification is unequivocal where the only one classifi
cation rule is fulfilled. In the case of equivocal situations, when more than 
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one of the classification rule is fulfilled, a matching degree to the group is 
calculated [39]. For example, for a new object e and the group g1 , described 
by the classification rule R~1 (28) , the matching degree MD(e,R~1 ) can be 
calculated as follows 

MD(e , R_°'91 ) = MD(e, R °' V R °' V ... V R °' . ) = 
9 1 ,Vi l 91 ,Vi2 9 1 ,Vi L o: 

where 

R°' ) = { q(R~1 ,vJ if rule R~1 ,vi is fulfilled by object e 
AfD(e, 9 i,vi O otherwise 

where Agg is the aggregation operator, e.g. the maximum function. The 
value q(R~, ,vJ E [0,1], for i = i 1 , i2 , ... , iLa, is the strength coefficient of the 
one-condition elementary rule R91 ,vi , according to (26). 

The developed approach to generate the group's description in the form 
of the classification rules will be illustrated by the following example. 

4 .2. Illustrative example - classification of text documents 

Practical presentation of the proposed approach was carried out for a task 
of classification of the text documents, assuming that the context and the se
mantics are neglected. Here, a textual document S is modeled as a multiset, 
drawn from the ordinary set of unique keywords or phrases appearing in the 
t ext . The document S can be represented by a set of L pairs , according to 
(1), i.e. , S={ (the number of occurrence of the keyword or phrase in the text 
document, the keyword or phrase)}, where Lis the number of distinguished 
unique keywords and phrases. Usually, the appearing keywords and phrases 
can be weighted in various ways, but here for simplicity, we assume the same 
importance for all keywords. 

Data processing 
Now, let us assume, that there are objects as text documents en E U, 

n = 1, 2, .. . , 10, which are described by the set of repeated keywords from the 
set V, described as follows: 

V {" k d#l" " k d#2" " k d#6" } denoted { } = eywor , eywor , ... , ·eywor = v1 , v2 , ... , v6 , 
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and the affiliation of the documents to the specific group, g1 or g2 , is also 
known. 

The multiplicity of each keyword is equal to a number of repetitions of the 
keyword appearing within the text document en, n = l, 2, ... , 10 . This way, 
each the text document en can be represented by the multiset Sen drawn from 
the set of values V. Thus, the descriptions of the text documents e1, e2, ... , e10 
can be written in the form of multisets Ge1 =< Se1 >, ... , Ge10 =< Sew >, 
as the following objects: 

Se1 = {(3,v1),(l,v2),(2,v3),(0,v4),(0,v5), (0,v5)} 

Se2 = { (0, vi), (0, v2) , (0, V3), (1, V4), (1, v5), (3, V5)} 

Se3 = { (0, v1), (1, v2), (0, V3), (0, V4), (0, vs), ( 4, v5)} 

Se4 = { (2, V1), (0, V2), (3, V3), (1, V4), (0, V5), (1, V5)} 

Se5 = {(0,v1), (0,v2),(0,v3),(l,v4), (l,v5), (2,v5)} 

Se6 = {(l, V1), (1, V2), (2, V3), (0, V4), (0, V5), (0, V5)} 

Se7 = { (3, vi), (0, V2) , (3, V3), (0, V4), (0, V5), (0, V5)} 

Se8 = {(0,v1), (l,v2), (0,v3), (l,v4), (l,vs), (4,v5)} 

Se9 = {(3,v1), (l,v2) , (4,v3) , (0,v4),(0,v5),(0,v5)} 

Sew= {(0, v1), (0, v2), (0, v3), (0, V4), (1, V5), (4, V5)}. 

Let us assume, that the considered text documents can be divided into two 
separated groups, namely 91 = {e1,e4,e6,e7,eg} and 92 = {e2,e3,e5,es,e10}-

Next, the aim is to generate a set of elementary rules for classification of 
considered text documents into one of separated groups: g1 or g2 . Details of 
the applied approach can be described in the following way. 

Generation of classification rules 
First, the data set is split into the learning set (i.e. , the first three text 

documents from each group) and the testing set (i.e., other text documents). 
Next, based on the learning set, the classification rules are generated. The 
testing set contains other text documents which do not participate in the 
generation of the rules and is used to check the accuracy of the classification. 

Now, let us consider the learning set, i.e. , the group of the objects g1 = 
{ e1, e4, e6} and g2 = { e2, e3, es}. The aim is to construct the classification 
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rule for the group 91 , as disjunctions of the one-condition elementary rules. 
The proper algorithm is described in the following steps. 

Step 1 
Let us form the description of the group 91 and 92 (denoted by G91 and 

G92 , respectively). Such descriptions are obtained by applying a simple text 
documents' aggregation. Because, each object is represented by the proper 
multiset, then each group is also represented by the aggregated correspond
ing multiset. This way, the descriptions of the groups 91 and 92 are also 
represented as multisets drawn from the same set V, in the following way: 

Step 2 
Next, using the i-th elementary measures of perturbation described as 

for i = 1, 2, ... , 6, let us consider the set of six following pairs, denoted by 
PERs91 t-ts92 , due to Eq. (23), 

Step 3 
The above six pairs were rearranged with respect to the descending values 

of the elementary measures of perturbations, according to (24). In result, the 
following set of rearranged pairs is obtained: 
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Step 4 
The value of the threshold was assumed to be, e.g. a = 0. 7. The reduced 

set of pairs, according to (19), for which the values of elementary measures 
of perturbation are greater than or equal to 0. 7, has the following form: 

PER~7 t--tS = {(l.0,v1),(l.0,'/!3)}. 
91 92 

Step 5 
At the final step, according to (28), the classification rule for the group 

g1 is described as the disjunction of two one-condition elementary rules: 

Ri;7 : I F[considered value= v1]; 1.0 V [considered value= v3]; 1.0 

TI-I EN the given object; is a member of Lhe group g1 

In this way the classification rule for the group g1 was constructed. 
Next, let us construct the classification rule for the group g2 . The corre

sponding algorithm is described below. 

Step l 
Again, let us consider the descriptions of the group g2 and g1, denoted by 

G92 and G91' respectively, in the following way: 

G92 = {(0, v1), (1, v2), (0, v3), (2, v4) , (2, vs), (9, '/!5)} 

G91 = {(6, vi), (2, v2), (7, v3), (1, v4), (0, vs), (1, v6)} 

Step 2 
Next, using the i-th elementary measures of perturbation described as 

for i = 1, 2, ... , 6, let us consider the set of six following pairs 

P ERs92 t--tS91 = { (Per(S92 ,v1 H S91 ,v1 ), '/!1), ... , (Per(S92 ,v6 H S91 ,v6 ), V5)} = 

= {(ks92 (v1) - ks92 ns91 (v1)) , ) (ks92 (v6) - ks92 ns91 (v6)) , )} = 
( ) ( ) , 111 , ... , ( ) ( ) , u6 

ks92 v1 + ks91 v1 ksn v5 + ks9l Vo 

0-0 1-1 0-0 2-1 2-0 9-1 
= {(0+6 'v1),( l +3'v2), (0+7'v3),(2+ l'v4), (2+0'vs),(9+ 1,v5)} = 
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Step 3 
These six pairs were rearranged with respect to the descending values of 

the elementary measures of perturbations, and the following set of rearranged 
pairs is considered: 

P ERs92 ,-,s91 = {(1.0, vs), (0.8, v5), (0.3, v4 ), (0.0 , v1) , (0.0, v2), (0.0, v3)}. 

Step 4 
Again, the value of the threshold was assumed to be a = 0.7, and the 

reduced set of pairs has the following form: 

PER17 ,-,s = {(l.0 ,vs ), (0.8 ,v5)}. 
92 91 

Step 5 
At the end, the classification rule for the group g2 is described as the 

following disjunctions of two one-condition elementary rules: 

Ri/ : J F[considered value= vr;]; l.0 V [considered value= v6]; 0.8 

TH EN f;he given object, is a member of the group g2. 

In this way the classification rule for the group g2 was constructed. 

Brief analysis of the classification rules 
Now, let us consider the generated classification rules R2;7 and R2;7 , for 

the group g1 and g2 , respectively. Both rules are shown in Table 1. The 
number associated with each keyword is regarded to the strength coefficient 
of the proper elementary rule, according to (28). 

The classification of the documents to the appropriate group is carried 
out through verification of fulfillment of conditions in the conditional parts of 
the rules. The classification is unequivocal where the only one classification 
rule is fulfilled. In the case of equivocal situation, when more than one of 
t he classification rule is fulfilled, the matching degrees of such documents to 
the groups have been counted [39]. 
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Table 1: The classification rules for the group 91 and 92 

Keyword: keyword#l keyword#3 keyword#5 keyword#6 
RU.I q(R~/ VJ) = 1.0 q(R~/v_, ) = 1.0 - -'QJ 

RU.7 - - q(R~;\J = 1.0 q(R~;\J = 0.8 'Go 

Classification accuracy in our example is verified by applying the rules 
from Table 2 for the learning and the testing sets, Detailed calculations are 
presented below. 

Again, let us consider the learning set , i.e. , the texts documents g1 = 
{e1, e4 , e5} and g2 = {e2 , e3, es}. The text documents e1 and e5 were un
equivocally classified to the appropriate group g1 , and the text documents 
e2 , e3 and e5 were unequivocally classified to the appropriate group g2 , while 
the text document e4 was equivocally classified to both group. According 
to Eq.(29) , for the text document e4 , applying the function maximum as 
the aggregation operator, we received the following values of the matching 
degrees to the groups g1 and g2 

M D(e4, R9°·7 ) = Agg(M D(e4, R9°·\ ), M D(e4, R9°·\ )) = Agg(l , 0) = 1 1 11 1 1, 3 

M D(e4, Rg/) = Agg(M D(e4, Rg;\ 5 ) , MD(e4, Rg;'.v6 )) = Agg(0.0, 0.8) = 0.8. 

Due to the fulfillment of the inequality MD(e4, Rg;7) > MD(e4, Rg/) , the 
text document e4 was correctly classified to the group g1 . 

Next , let us consider the testing set, i.e. , the texts documents which did 
not participate in the generation of the rules, g1 = { e7, e9} and g2 = { e8, e10 }. 
In this case, the rules also correctly classified all these texts documents. 

It is worth to notice, that all the considered text documents were cor
rectly classified to the appropriate groups. 

The aim of the above described example was to illustrate the way of gen
erating the classification rules based on the developed multisets ' perturbation 
methodology. 

5. Conclusions 

In the paper we propose the new measure describing remoteness between 
the multi-attribute objects, as well as the groups of such objects, with re-
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peating qualitative values of attributes. The concept is based on multisets 
operations. In our opinion the approach can be considered as a new as well 
as alternative measure of remoteness between qualitative data, particularly 
where repetitions of values of attributes are permitted and the direction of 
comparison has significant meaning. 

There are several important problems described by nominal values as 
well as by multisets, like: evaluation of research projects by experts using 
predefined criteria with qualitative scale, comparison of textual documents 
described by qualitative attributes, proximity of graphic symbols and stan
dard symbols. Therefore, applications of the developed approach for dealing 
with objects within large, real databases (e.g., grouping of similar objects, 
retrieval of textual documents, documents classification, etc.), seems to be 
an interesting topic for the future research. 

Actually, there are important problems in data management, like the de
tection of duplicate objects (called coreferent objects) [40], and the adjusting 
of direction of relation between objects in SimRank [46], in which concept of 
symmetry/ asymmetry of objects is crucial. It seems, that application of the 
perturbation of objects in such problems is natural, however the challenging 
task. 

Appendix A. Proofs of corollaries 

Proof of Corollary 5. 1) First, we prove the left hand side inequality 
Pero(Ge1 M Ge2 ) 2: 0. It should be noticed, that Vi E {1,2, ... , L1} , the 
inequality ks l ( . J 2: ks i(. Jns ic. J ( vi), for j = 1, 2, ... , K, is satisfied, and J, 3 1e1 J, J,e1 J, J,e2 

then ks. <· > - ks c· Jnstc· J(vi) 2: 0. Due to Definition 7 and Eq. (15) 
J,t J,e1 J,t J,e1 J, J,e2 

the following inequality can be written 

L j 

1 K I:, ( ksj ,t(j,ei) ( vi) - ksj ,tU, ei lnsj,t(j ,e2/ vi)) 
Pero(Ge1 M Ge2 ) = KL i = l Lj 2: 0. 

j=l I:(ksjt(j,ei/vi) + ksjt(je2)(v,;)) 
i=l 

2) Then, we prove the second inequality. It should be noticed, that the 

inequality kstc· J - kstc· Jnst<· J(vi) ~ kst<· J + kst<· Jnst<· J(vi), J,, J,e1 J. J,e1 J , J,e2 J, J, e1 J , J,e1 J, J,e2 

Vi E {1,2, ... ,L1}, for j = {1 ,2, ... ,K} is satisfied. Thus, the following 
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inequality can be obtained 

Proof of Corollary 6. 1) First, we prove the left hand side inequality. 
According to Eq. (16), (i.e., the inequality 0 :S Pero(Ge1 H Ge2 ) and 
0 :S Pero(Ge2 H Gei) are satisfied), we obtain the following inequality 
Pero(Ge1 H Ge2 ) + Pero(Ge2 H Ge1 ) 2 0. 

2) The second inequality can be proved in the following way. One can 
notice, that each inequality ks t(. >ns t<. l (vi) 2 0, Vi E {1, 2, ... , L1· }, where 

J , J,e1 J, J,?-
j = l , 2, ... , K, is satisfied. Due to Eq. l15) one can obtain the right hand 
side inequality in the following way 

Pero(Ge1 H Ge2 ) + Pero(Ge2 H GeJ = 

Proof of Corollary 7. Due to Definition 7 and Eq. (15), the following 
equality can be obtained 
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Lj 

K I:(ks .1c· )(vi)+ ks ic· J(vi) - 2 · ksic· lnsic· l(vi)) 1 . J , J ,e1 J , J, e2 J , J ,e 1 J , J ,e2 =K L t = l Lj 

j=l I:(ks tc· l(vi) + kstc · l(vi)) J , J ,e 1 J , J,e2 
i=l 

Lj 

l K 2 . I: ksj ,l(j ,q )nsj,t(j,e2 ) ('1\)) 
= 1 - K L -L-j _ ·,_= _l ________ de~ted l - Simo (Gel) Ge2). 

j=l L ( ksj,t(j ei ) ( vi) + ksj ,t(j ,e2 ) (vi)) 
i=l 
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